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In this paper we calculate the potentials of the secondary waves which
appear in the reflection of a spherical sound wave from the plane divid-
ing surface between a fluid and a two-component medium, composed of a
fluid and an elastic component (moist earth, porous sound-absorbing
materials, pulp, etc.). The dimensions of pores and solid particles are
assumed to be small compared to the distances over which the kinematic
and dynamic characteristics of the motion change significantly, so that
both components of the medium may be considered to be continua. The
dynamics of such a medium have been considered in a number of papers
[1-4]. In [5] it was shown that the equations [2] are the most general
for the case of harmonic waves. These equations are used as the point of
departure in the present note. The two-component medium is taken to be
homogeneous and isotropic.

Let there be a point source of sound at the point O (Fig. 1) in the
fluid, distance y from the dividing surface. The potential of the re-
flected wave has the form [6]
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Here ko is the modulus of the wave vector in the fluid, Ho(l) is the
Hankel function of first kind, of zero order, W(8) is the coefficient
of reflection of a plane wave impinging on the boundary at the angle 0.
For 8 = 0 this coefficient is equal to [7)
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Here Z0 = Pgco is the impedance of the "upper" fluid medium (- and
cy are, respectively, the density and sound speed in the fluid); Z1 =
pjc; and Z, = pyc, are the "effective" impedances of the elastic and
fluid components of the "lower"
medium; ¢y and cq 8TE the speeds of

longitudinal waves of first and
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second type, while the coefficients p; and p,, which depend on the
porosities, densities, and elastic parameters of both components of the
"lower"” medium, may be treated as some "effective" densities of those
components. If shear waves are neglected, equations (2) are still valid
for incidence at any angle, but now

Zo = Poco sec B, Z; = prer secBy, Zs = pacs sec O 3)

Making use of the relations
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we write equations (2) for W(8) in the form
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Here

ny = co/ ¢y, ng = co/ ca, my = po{ My, my = po/ Ps

To obtain the potential of the reflected spherical wave at distances
large compared to the wave length, an asymptotic form of the Hankel
function is used
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Putting (5) in (1), and noting that
y -+ yo = R, cos8y, r = Ry sinB,

we obtain

ko
2nr
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where [ denotes the integration path, going from the point - 1/2 7 + i»
to the point w/2 -~ i (Fig. 2). The integral in (6) is easily evaluated
by the method of steepest descent [6]. The path of steepest descent Fo
goes through the characteristic point 60 and departs from it along the
line

Im i cos (8 — ) = cos (6’ — Bg)ooshd” =1, 0 ==0' + i

This path intersects the real axis at the point eo at an angle of
45° and goes, on one side, to ~ 1/2 w + 8, + io, and, on the other
1/2 w + 8, — i®. The function ¥(8) has the roots ¥(n,? — sin’8) and
J(nzz - sinzﬁ), and thus the points 6 = % sin~} n, and 8 = & sin~} ny
%ill be branch points,

We make cuts in the complex plane along the lines

ne - sin?6 = 2,2, m — sin?@ = x?

Here 112 and x22 are real positive quantities, within the limigs
(0, @), The values xy < 0 correspond to the branch points. For x" @,
122 - ©, we have, for both cuts, sin 6~ % iw;
from here it follows that 8’ - ¢, 68" - t o,
6" These cuts are shown in Fig. 2 (4;B; and 4,B,,
corresponding to the branch points of the
first and second roots). If the points A1 and
A, are located between " and Ty, the integral
along [ will be equal to the integral along
Iy plus integrals along the edges of the cuts.
As a result, the full expression for the re-
flected wave will be composed of three parts

““1'*9’”"“— > <P———‘(Po+(P1+‘P2
-2+ 6,
& 2 where @, is the reflected wave proper and g,
Fig. 3. and ¢, are the first and second secondary
waves.

For example, in the case where the imaginary parts of ny and ny are
vanishingly small and the real parts are less than unity, we shall have,
for this location of Al and A2
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0p> 8, = o ng, 0o > 083 = sint ng

Thus 60 must be greater than the angles of total internal reflection
of longitudinal waves of first and second types.

The function W(8) also has singular points in the form of poles,
which are found from the equation

cos0 + m VngZ — sin?0 + mg V ng? — sin?@ = 0

If these points lie between [ and ro, the expression for the poten-
tial of the reflected wave will contain, besides the above-mentioned
parts ¢,, ¢, and ¢,, terms coming from an evaluation of the integrand
at the poles. This question is not investigated here,

Evaluation of the integral along Fo gives (6]
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Here W'(Go) and W'YGO) are derivatives of the coefficient of reflec-
tion with respect to the angle 0, taken at the point 6 = .

Neglecting the quantity 1/8 kor sin 6 in (6) in comparison with
unity, we obtain

Ay
P = (21;(; )/' exp % (S exp [ikoR; cos (8 — 00)] W (9) V'sin 640 +
ioo 100
+ S exp [ikoR, cos (0 — Qo)W (6) Vsiné dO)
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Here W(0) is the value of the coefficient of reflection on the left
edge of the cut W+(6) on the right edge. These values differ in the sign
of the root, \J(nl2 - sin26). Interchanging the limits of integration in
the first integral, the two integrals are reduced to one
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The integral in (7) is evaluated by the method of steepest descent
[6]; we deform the path of integration in such a way that, from the
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point Al, it goes along the line on which the exponent under the inte-
gral falls the fastest. This will be the line where

Re cos (B — 0p) = const (8)
Here, it is necessary that
Im cos (8 —8¢) >0 9

We shall assume that n, is a real quantity. Since at point A, the
angle 6 = 5] = sin~! n,, equation (8) takes the form

Recos (0 —B89) = cos (8; —8¢) or cos (8o — O')coshd” = cos (8, — B)

On this path of integration (we denote it by rl), condition (9) is
also satisfied. Thus, we have

¢y = (2::3 )*/s exp [ ikoRy cos (8; — 0q) + —',:—t-] X
X S @; (8) exp [— koR, sin (8o — 0')sinn0”] V'sin 6 40
T,

Since Fl is the path of steepest descent, the value of the integral
is determined mainly by the initial portion of the path. Therefore, we
may put 8' = 51 under the integral, and assume 6’ to be small. Noting
that then

D, (8) = — 4my cos 8; V' — 2in, cos &, Ve
(COS 61 + ma Vnzz— 71.1"‘)2
we obtain
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% R exp [— 0"koR, sin (8o — 8,)] V8 ido”
R
or, finally

2imyny exp likoR; cos (; — 00)]

= e P ——— 3 10
P ko V7 cos b [+ ma V (ndt — ) 1 (L — n)P [Rysin (8 — 0917 O
In a similar way, the potential for the second secondary wave is
found to be
ZiMznz exp {ikoRl (Ve X (62 _ 90)] (11)

P T V7 cos 6 (L + ma V(m® — na) 7 (1 — nad)]® [Ry sin (80 — 64)]

In the limiting cases of vanishing porosity, and of porosity approach-
ing unity, we will have, respectively, [7]

my = po/ Py, me = 0, my =0, ms=po/p
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where p  and p. are the actual densities of the elastic and fluid com-
ponents of the medium. Then, equations (10) and (11) reduce to the well-
known expression for the potential of the secondary wave which appears
at the dividing boundary between two continuous media.

The author thanks V.L. German for his suggestion of the problem and
his interest in the paper.
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